We calculate the signature of the area Hermitian form on certain spaces of the polygons in the complex plane. These polygons naturally arise in the theory of the flat surfaces.
Introduction
Let Σ n+1 be the unit sphere equipped with a flat metric µ having n + 1 singular points x 0 , x 1 , . . . , x n of curvature κ 0 , κ 1 , . . . , κ n such that for each i, 0 < κ i < 2π. Consider length minimizing geodesics L 1 , . . . , L n joining x 0 to x 1 , . . . , x n . Cut Σ n+1 through these geodesics. You get a disk with a flat metric such that all singular points of the disk are on its boundary. There is a map from this disk to the complex plane which is a local isometry on the set of non-singular points of the disk. This map is called developing map and it is unique up to the isometries of the complex plane. Alexander Unfolding Theorem [1] states that the developing map induces an isometry between the disk and its image. In other words, non-overlapping polygons of the form z = (0, z 2 , z 3 . . . , z 2n ), satisfying e ıκ σ(k) (z 2k−1 − z 2k ) = z 2k+1 − z 2k , 1 ≤ k ≤ n, for some permutation σ of {1, . . . , n}, parametrize the cone metrics on Σ n+1 having the curvature data (κ 0 , κ 1 , . . . , κ n ), where ı denotes the complex number √ −1. Now we fix a curvature data κ = (κ 1 , . . . , κ n ) and a permutation σ of {1, . . . , n}. We assume that for each i, 0 < κ i < 2π and 0 < 4π − n i=1 κ i < 2π. The set of the tuplesẑ = (0, z 2 , z 3 . . . , z 2n ) satisfying Equation 1 form a finite dimensional complex vector space. On this vector space, there exists a Hermitian form , such that the square-norm of an element z, z, z , is equal to the area of the corresponding polygon if it is simple. This form is called area Hermitian form. In [7] , Thurston proved that the signature of the area Hermitian form is (1, n − 2). This helped him to prove that the space of flat metrics on the sphere with a fixed positive curvature data is naturally a complex hyperbolic manifold. For the definition of the signature of the area Hermitian form, see the section 2.1.
In this paper, we study how the signature changes when we drop the condition 0 < 4π − n i=1 κ i < 2π. This has the following geometric significance. Assume that κ 0 = 4π − n i=1 κ i ≤ 0. Take a simple polygon z = (0, z 2 , . . . , z 2n ) satisfying Equation 1. By gluing edges of this polygon accordingly, we can obtain a flat metric on sphere with n+1 labeled points of curvature κ 0 , κ 1 , . . . , κ n . This shows that a portion of the moduli space of the flat metrics on the sphere with n+1 labeled points of curvature κ 0 , κ 1 , . . . , κ n is parametrized by these polygons. This strengthens the hope that the moduli spaces of the flat metrics with n+1 labeled points of prescribed curvature has a natural geometric structure coming from the area Hermitian form. Therefore, the calculation of the signature of the area Hermitian form is important. Note that the calculations we do here are compatible with the ones in [11] . Also, the calculation of the signature when n = 3 is given in [3] .
For more information about the geometry of polygons, see [2] and [4] . For more information about the geometry of flat surfaces, see [9] , [10] and [8] .
Spaces of Polygons and Signature Calculation
In this section, we introduce the spaces of polygons that we consider. Each of these spaces is a complex vector space and admits a natural area Hermitian form on it. We calculate the signature of the area Hermitian form for each of these spaces. See the Section 2.1 for the definition of the signature. Let
be an n−tuple of real numbers. We will sometimes call it as curvature data. Let
P(κ) can be thought as the set of oriented polygons
Note that each element in P(κ) has an outer angle κ i at the vertex 2i, z 2i , where the outer angle is the angle between the vectors z 2i−1 −z 2i and z 2i+1 −z 2i measured counter-clockwise. Also, for all 1 ≤ i ≤ n and for all z ∈ P(κ), Figure 1 . Note that the dimension of P(κ) is n − 1.
The area Hermitian form and its signature
Consider the Hermitian form
. . , w 2n ). We know that if z is a simple polygon, then the area of z is just the square-norm ofẑ, ẑ,ẑ . Therefore, this form is called the area Hermitian form.
There exists a basis {û 1 , . . . ,û n−1 } of P(κ) such that
The tuple (P, N ) is called the signature of the area Hermitian form. We say that P is the positive part of the signature and N is the negative part of the Note that an edge of of an element of P(κ 1 , κ 2 , κ 3 , κ 4 ) considered as a polygon may intersect another edge.
signature. In this paper, we calculate the signature of the area Hermitian form for P(κ). Let
We denote the cardinality of a set A by |A|. Let
and
where is the floor function.
Note that it is enough to prove the above remark for the transpositions σ = (j, j + 1), 1 ≤ j ≤ n − 1. One can prove that
where
Indeed,
One can prove 3 case by case:
Lemma 1. If n = 2, then the signature of the area Hermitian form is (p(κ), q(κ)).
Proof. There are 3 cases to consider.
1. κ 1 + κ 2 > 2π. From the left of Figure 2 , it is clear that the polygon corresponding to a non-zero element of P(κ) has a positive area. Since the area of the polygon corresponding to a non-zero element of P(κ) is the square-norm of that element, we see that each non-zero element of P(κ) has a positive square-norm. Since P(κ) is one dimensional, it follows that the signature of the area Hermitian form is (1, 0). It follows directly from the definition of p(κ) and q(κ) that (p(κ), q(κ)) = (1, 0). The result follows.
2. κ 1 + κ 2 = 2π. In this case, every element in P(κ) has an area equal to 0. See the middle of Figure 2 . Therefore, the signature is (0, 0). Also, it is clear that p(κ) = q(κ) = 0.
3. 0 < κ 1 +κ 2 < 2π. In this case each polygon corresponding to a non-zero element is negatively oriented. This means that the orientation of these polygons is clockwise. Therefore, each non-zero element of this set has a negative area. See the right hand side of Figure 2 . It follows that the signature of the form is (0, 1). Also, it is clear from the definition of p(κ) and q(κ) that q(κ) = 1 and p(κ) = 0.
A special family of polygons
In this section, we assume that κ = κ(n) := (π, π, . . . , π), where the curvature data (π, . . . , π) has length n.
Lemma 2.
1. If n = 2k + 1, then the signature of the area Hermitian form is (k, k).
2. If n = 2k, then the signature of the area Hermitian form is (k−1, k−1).
Proof. Above we proved the case n = 2. If n = 3, the space is 2 dimensional and there are positive and negative square-normed elements. Therefore, the signature is (1, 1). Assume that n ≥ 4. We will prove the lemma by induction Figure 2 : In each part of the figure, a generic element in P(κ 1 , κ 2 ) is given. In the leftmost picture, we have κ 1 + κ 2 > 2π. In the picture in the middle, we have κ 1 + κ 2 = 2π. In the rightmost picture, we have κ 1 + κ 2 < 2π.
on the length of curvature data (π, . . . , π), n. Let us denote the positive part of the signature by P (κ(n)), and the negative part of it by N (κ(n)). See the section 2.1. The map z = (0, z 2 , z 3 . . . , z 2n−1 , z 2n ) →ẑ = (0, z 2n , z 2n−1 , . . . , z 3 , z 2 ) sends P(κ(n)) to itself, and ẑ ,ẑ = − ẑ,ẑ .
Therefore P (κ(n)) = N (κ(n)). Assume that n = 2k and k ≥ 2. Let P = {ẑ ∈ P(κ(n)) : z 2 = 0} ≡ P(κ(n − 1)).
P is 2k − 2 dimensional and by the induction hypothesis, the signature of the area Hermitian form on it is (k − 1, k − 1). Since P (κ(n)) = N (κ(n)), the signature of the area Hermitian form for P(κ) is (k − 1, k − 1).
Assume that n = 2k + 1. P is a 2k − 1 dimensional subspace of P(κ). The induction hypothesis implies that the signature of the area Hermitian form on it is (k − 1, k − 1). Therefore, we can decompose it as
where W + , W − , W 0 are vector subspaces corresponding to the positive, negative and null part of the signature. Note that dim(W + ) = dim(W − ) = k −1 and dim(W 0 ) = 1. Take an element v ∈ P(κ(n)) \ P so that v is orthogonal to W + and W − . Assume that the vector space spanned by v and W 0 is orthogonal to P(κ(n)). Let w = (0, 0, 0, w 3 , . . . , w 2n ) be a generator of W 0 . There is l such that w k = 0 for k < 2l and w 2l = 0. Note that 2w 2l = w 2l+1 . Consider the following element of P(κ(n)): 1, 2, 1, 0, 0, . . . , 0) , where the first '1' is in the coordinate 2l − 2. a, w = 4w 2l = 0. This is a contradiction.
Let W denote the subspace spanned by W 0 and v . We know that the signature of the area Hermitian form restricted to W is not (0, 0). Therefore, it is (1, 0), (0, 1) or (1, 1). Since
the signature of the area Hermitian form on
The following corollary is an immediate application of Lemma 2. Corollary 1. If κ = (π, . . . , π), then the signature of the area Hermitian form is (p(κ), q(κ)).
Cutting and Gluing Operations
In this section, we explain why for any permutation σ ∈ S n , P(κ) and P(κ(σ)) are isomorphic as complex vector spaces having Hermitian forms. Note that it is enough to consider the cases for which σ = (i, i + 1) is a transposition. Take an elementẑ ∈ P(κ), and consider it is a polygon in the complex plane. assume the line segment joining z 2i+3 and z 2i does not intersect the polygon except at its end points.. Glue [z 2i , z 2i+1 ] with [z 2i , z 2i−1 ] to get the elementẑ . By this way, we get an area preserving map from a subset of P(κ) to P(κ(σ)), where σ = (i, i+1). Note that this map extends to an area preserving linear map between P(κ) and P(κ(σ)). Indeed, this linear map is an isomorphism; one can reverse the cutting and gluing operation to get inverse of the map. See Figure 3 .
Therefore, we have proved the following lemma. Figure 3 : We obtain an element P(κ(σ)) from an element of P(κ).
Lemma 3.
1. For any σ ∈ S n , P(κ) and P(κ(σ)) are isomorphic as complex vector spaces with Hermitian forms.
2. The signature of the area Hermitian form on P(κ) equals to the signature of the area Hermitian form on P(κ(σ)).
Note that these cutting-gluing operations were introduced in [6] .
Signature Calculation
Let κ = (κ 1 , . . . , κ n ). Assume that n > 2 and κ 1 + κ 2 = 2π. Let κ = (κ 1 + κ 2 , κ 3 , . . . , κ n ). Consider the following n − 2 dimensional subspace of P(κ):
It is immediate that this complex vector space together with the induced Hermitian form is isomorphic to P(κ ). We want to find an orthogonal complement to this space. In P(κ), there is a unique element of the form
Since the angle at the forth vertex, x, is κ 2 = 2π − κ 1 , it follows that X / ∈ P(κ12) and
x(e ıκ 2 − 1) = e ı(κ 1 +κ 2 ) − e ıκ 2 ,
On the other hand, any element in P(κ) is a constant multiple of an element of the form
It follows that
Let CX denote the vector space generated by X. Note that we have proved the following lemma.
Theorem 1. The signature of the area Hermitian form for P(κ) is (p(κ), q(κ)).
Proof. We prove the theorem by induction on n. If all of the angles are π, then we know the theorem is true. See Corollary 1. Assume that not all of the angles are π. It follows that there are i, j ∈ {1, 2, . . . n}, i = j, such that κ i + κ j = 2π. By Remark 1 and Lemma 3, we may assume that κ 1 + κ 2 = 2π. Let's denote the negative part of the signature by N (κ) and the positive part of it by P (κ). Note that Lemma 4 and the induction hypothesis on the vector spaces CX ≡ P(κ 1 , κ 2 ), P(κ) ≡ P(κ 1 + κ 2 , κ 3 , . . . κ n ) imply that
= q(κ).
And we also have
= p(κ). (12) Therefore (P (κ), N (κ)) = (p(κ), q(κ)). Note that we used the definitions of q(κ) and p(κ), the equations 1 and 2, in the above calculation.
Corollary 2. Let κ = (κ 1 , . . . , κ n ).
, then the signature is (n − 2, 0).
If
n i=1 κ i < 2π, then the signature is (0, n − 1).
5.
If 2π(n − 1) < n i=1 κ i < 2πn, then the signature is (n − 1, 0).
6. If 2π(n − 2) < n i=1 κ i < 2π(n − 1), then the signature is (n − 2, 1).
7.
If for each i > 0, 2π(i − 1) < i k=1 κ k < 2πi, then the signature is (n − 1, 0) 8. If for each 0 < i ≤ n − 1, 2π(i − 1) < i k=1 κ k < 2πi and n k=1 κ k = 2πn, then the signature is (n − 2, 0).
Proof.
1. In this case, there is a unique 2 ≤ j ≤ n such that j−1 i=1 κ i < 2π and j i=1 κ i ≥ 2π. Therefore, q(κ) = n − 2. Since (κ) = 0, p(κ) = 1.
2. This case is similar to the previous one. There is a unique 2 ≤ j ≤ n such that j−1 i=1 κ i < 2π and j i=1 κ i ≥ 2π. Therefore, q(κ) = n − 2. Since (κ) = 1, p(κ) = 0.
3. Let κ = (2π−κ n , 2π−κ n−1 , . . . , 2π−κ 1 ). By the part 2, the signature of the area Hermitian form for P(κ ) is (0, n−2). The map P(κ) → P(κ ) sendingẑ = (0, z 2 , . . . , z 2n ) toẑ = (0, z 2n , z 2n−1 , . . . , z 2 )
is a vector space isomorphism and the following holds for all z ∈ P(κ):
ẑ,ẑ = − ẑ ,ẑ .
Therefore the signature of the area Hermitian form is (n − 2, 0). Therefore, q(κ) = n − 1 and p(κ) = 0.
5. The proof of this part follows from the part 4, and it is similar to that of the part 3.
